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CROSS CHARACTERISTIC REPRESENTATIONS OF ^D4(Q) 



1. Introduction 

Finite primitive permutation groups have been studied since the pioneering work 
of Galois and Jordan on group theory; they have had important apphcations in many 
different areas of mathematics. 

If G is a primitive permutation group with a point stabilizer M then M < G 
is a maximal subgroup. Thanks to work of Aschbacher, O'Nan, Scott |AS] . and of 
Liebeck, Praeger, Saxl, and Seitz [LPS], [LiSj . most problems involving such a G can 
be reduced to the case where G is a finite classical group. In this case, Aschbacher's 
theorem ^ describes all possible choices for the maximal subgroup M of G. Work 
of Kleidman and Liebeck [KLj and others essentially reduces the question of whether 
a subgroup M from this list is indeed maximal in G to the following problem. 

Problem 1. Let ¥ be an algebraically closed field of characteristic i. Classify all 
triples {K,V,H) where K is a finite group with K/Z{K) almost simple, V is an 
¥K -module of dimension greater than one, and H is a proper subgroup of K such 
that the restriction V\h is irreducible. 

Our main focus is on the case where is a finite group of Lie type in characteristic 
7^ i. If, furthermore, K is of type A, then Problem [1] has been solved recently in 
|KT] . On the other hand, the case where K is an exceptional group of type G2, ^-82, 
or ^G2, was settled in [N]. 

The main result of this paper is the following: 

Theorem 2. Let G = ^Di{q) and let $ be any irreducible representation of G in 
characteristic i coprime to q. If H is any proper subgroup of G and deg(<I>) > 1, then 
is reducible. 

In the case of complex representations. Theorem [2] was proved by Saxl [S]. 

2. Basic Reduction 

Given a finite group X, we denote by de{X) and xn£{X) the smallest and largest 
degrees of absolutely irreducible representations of degree greater than one of X in 
characteristic i; furthermore, let mc{X) = mo(X). From now on, F stands for an 
algebraically closed field of characteristic i, and g is a power of a prime p. If x is 
a complex character of X, we denote by x the restriction of x to ^-regular elements 
of X. By IBt£{X) we denote the set of irreducible £-Brauer characters, or the set of 
absolutely irreducible FX-representations, depending on the context. 

First we record a few well-known statements. 

Lemma 3. Let K be a finite group. Suppose V is an irreducible ¥K -module of 
dimension greater than one, and H is a proper subgroup of K such that the restriction 
V\h is irreducible. Then 

V\H/Z{H)\ > mc{H) > meiH) > dim{V) > deiK). 
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Lemma 4. [U p. 190] Let K be a finite group and H be a normal subgroup of K . Let 
X G \ri{K) and 9 G Irr(if) be a constituent of Xh- Then x(l)/0(l) divides \K/H\. 

Lemma 5. Let K be a simple group and V an absolutely irreducible ¥K -module 
of dimension greater than one. Suppose H is a subgroup of K such that V\h is 
irreducible. Then Z{H) = Ck{H) = 1. 

In the following theorem, we use results and notation of [K]. 

Theorem 6 (Reduction Theorem). Let G = ^D^{q) and let be an irreducible 
representation of G in characteristic i coprime to q. Suppose ip{l) > 1 and M is a 
maximal subgroup of G such that (p\m is irreducible. Then M is G-conjugate to one 
of the following groups: 

(i) P, a maximal parabolic subgroup of order q^'^{q^ — l){q — 1), 

(ii) Q, a maximal parabolic subgroup of order q^'^{q^ — l){q'^ — 1), 

(iii) G,{q), 

(iv) ^Di{qo) with q = q^. 

Proof. By |MMT[ Theorem 4.1], de{^D4{q)) > — + g — 1 for every i coprime to 
q. Next, according to [K], if M is a maximal subgroup of G, but M is not a maximal 
parabolic subgroup, then M is G-conjugate to one of the following groups: 

1) G2{q), 

2) PGL%{q), where 4 < g = el(mod 3), e = ±, 

3) •^D4(go) with q = qQ, a prime, a 7^ 3, 

4) 1/2(9^) X L2{q), where 2 | g, a fundamental subgroup, 

5) Cg{s) = {SL2{q^) o SL2{q)).2, q odd, involution centralizer, 

6) o 5L3(g))./+.2, where /+ = (3, g^ + g + 1), 

7) o 5f/3(g))./-.2, where /_ = (3, g^ - g + 1), 

8) (Z,2+,+i)'-5L2(3), 

9) {Z,2_g+,y.SL2{3), 

10) Z,4_g2 + 1.4. 

We only need to consider the following cases. 

• M = PGL^q), where 4 < g = el(mod 3), e = ±. 

We have |PGL^(g)| = q^q^ - l){q^ ± 1). So mc(M) < Vg3(g2 - l)(g3 + 1) < 
g^ — g^ + g — 1 for every g > 4. Therefore mc(M) < dei^D^^q)), contradicting Lemma 

El 

• M = ^D^^qo) with q = qQ, a prime, a 7^ 2, 3. 

We have ^1^4(^0)1 = go''(%' - - + 1) < Hence, mc(M) < ^ = ql\ 

Since a is prime and a 7^ 2, 3, a > 5. It follows that mc(M) < q^^/^ < q^ — q^+q—1 < 
M'D,{q)). 

• M = Iv2(g^) X L2(g), where 2 | g. 

It is well known that mc (1^2(5')) = g + 1 except that mc (1^2(2)) = 2, mc(i^2(3)) = 3 
and mc (1^2(5)) = 5. So we have mc{L2{q^)) = g^ + 1 for every g. Hence mc(M) = 
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(g + l)(g^ + l) for g > 4 and mc(M) = 18 for q = 2. It is easy to see that + + 
1) < — + g — 1 for every g > 4. When g = 2, we also have mc(M) = 18 < 25 = 
25-23 + 2-1. Therefore, mc(M) < (^e{^D^{q)) for every g. 

• M = Cg(s) = (5'L2(g3) o SL2{q)).2, q odd, s an involution. 

Here Cg{M) 3 s 7^ 1, contradicting Lemma O 

. M = ((Z,2+,+i) o 5L3(g))./+.2, where /+ = (3, g^ + g + 1). 

By Lemma SI mc(M) < 2./+.mc((Z,2+,+i) ° '5L3(g)) < 2./+.mc(5L3(g)). From 
|SFj . we have 



It is easy to check that 2./+.mc(5'L3(g)) < g^ — g'^ + g — 1 for every g > 2. Therefore 
mc(M) < g5 -g3 + g- 1. 

. M = o 5t/3(g))./-.2, where /_ = (3, g^ - g + 1). 

By Lemma 12 mc(M) < 2./_.mc((Z,2_,+i) o 5f/3(g)) < 2./_.mc(5f/3(g)). From 
|SFj . we have 



It is easy to check that 2./_.mc(5't/3(g)) < g^ — g'^ + g — 1 for every g > 3. Therefore 
mc(M) < g^ — g^ + g — 1 for every g > 3. 

When g = 2, we have mc(M) < -\/|M[ = 36. Therefore if (p\m is irreducible 
then deg{ip) < 36. Inspecting the character tables of ^-04(2) in [Atlasl] and |Atlas2j . 
we see that deg(v9) = 25 for £ = 3 or deg(v3) = 26 for i ^ 3. Moreover, when 
i 3, (f is the reduction modulo i of the unique irreducible complex representation 
p of degree 26. Since 26 f \M\ = 1296, M does not have any irreducible complex 
representation of degree 26, whence p\m and (p\m must be reducible. When i = 3, 



M = ((Z3) o SUs{2)).3.2 ~ 31+2.2^4. So m3(M) = ms{3^+\2S^) = 11x3(2^4) < 
mc(2S'4) < a/|2S'4| < 7. Therefore if deg{(p) = 25 then ip\M is reducible. 
. M = {Z^2^g+,)\SL2{3). 

We have mc(M) < |5L2(3)| = 24. Since g^ - g^ + g - 1 > 24 for every g > 2, 
mc(M) < dii^D^iq)). 
• M = Zg4_,2+i.4. 

We have mc(M) < 4 < c)£(G). The Theorem is proved. □ 



In this section we handle two of the maximal subgroups singled out in Theorem [6l 





3. Restrictions to G'2(g) and to ^D4{y^) 
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Theorem 7. Let M ^ ^2(5) be a subgroup of G = ^D4,(q) and (p G IBti(G) be of 
degree > 1. Then ip\M is reducible. 

Proof. Assume the contrary: (p\m is hreducible. By Lemma [3l (p{l) < \/\M\ < . 
We wiU identify the dual group G* with G. By the fundamental result of Broue and 
Michel |BM] . ip belongs to a union Se{G,s) of ^-blocks, labeled by a semisimple £'- 
element s E G. Moreover, by |HMj . ip{l) is divisible by (G : Cg{s))p'. Assume s 7^ 1. 
Then it is easy to check, using |DMj for instance, that (G : Gg{s))p' > + q'^ + 1. 
Since ^^(l) < g^, it follows that s = 1, i.e. ip belongs to a unipotent block. 

According to [K], M = Gg{t) for some (outer) automorphism r of order 3 of G. 
Furthermore, the degrees of all complex irreducible characters of G are listed in |DMj . 
An easy inspection reveals that G has a unique irreducible character of degree 
for every unipotent character ip G Irr(G). It follows that every unipotent (complex) 
character of G is r-invariant. 

Next we show that ip is also r-invariant. First consider the case where q is odd. 
Then Corollary 6.9 of |Glj states that the ^-modular decomposition matrix of G has 
a lower unitriangular shape. In particular, this implies that ip is an integral linear 
combination of ip, with ip G S{G, 1), the set of unipotent characters of G. But each 
such Ip is r-invariant, whence ip is r-invariant. Now assume that q is even. Then 
£ 7^ 2, and so it is a good prime for Q, and £ does not divide 1^(^)1, where Q is the 
simple, simply connected algebraic group of type D4. Hence, by the main result of 
|G2j . {ip \ Ip E S{G, 1)} is a basic set of Brauer characters of Si{G, 1). It follows that 
(p> is an integral linear combination of ip, with ip G S{G, 1), and so it is r-invariant as 
above. 

Consider the semidirect product G = G ■ (ip). Then G < G, and G/G is cyclic. 
Since ip is G-invariant, it extends to G by [0 Theorem III. 2. 14]. But Cq{M) 3 t ^ 1, 
hence ip\M cannot be irreducible by Lemma O □ 

Theorem 8. Let H ^ ^D^lq) be a maximal subgroup of G = ^Di{q^) and V G 
IBr£(G) be of dimension > 1. Then V\h is reducible. 

Proof. Again assume the contrary. We consider a long-root parabolic subgroup P = 
^2+16 . 5'^2(g^) ■ Zq2_i of G, which also contains a long-root parabolic subgroup Ph = 
■ SL^iq^) ■ of H. 
It is well known that V\z affords all the nontrivial linear characters A of the long- 
root subgroup Z := Z{P') (which is elementary abelian of order g^), and the corre- 
sponding eigenspaces Vx are permuted regularly by the torus Zg2_i. Let U = g^+i^ 
denote the unipotent radical of P and consider any such A. Then IBr^ (t/) contains a 
unique representation (of degree q^), on which Z acts via the character A. Moreover, 
since P'/U ~ SL2{q^) has trivial Schur multiplier and is perfect, this representation 
of U extends to a unique representation of P', which we denote by Ex- By Clifford 
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theory, the P'-module Vx is isomorphic to Ex ® A for some A G IBie^P' /U). Sup- 
pose that A contains a nontrivial composition factor, as a S'L2(q'^)-module. Then 
dim(A) > {q^ - l)/2. It follows that 

(1) dim(y) > (g2 - I)g8(g6 _ i)/2. 
On the other hand, the irreducibility of V\h implies that 

dim{V) < < 

contradicting ([1]). Thus all composition factors of A are trivial. In particular, the 
P'-module Vx contains a simple submodule which is isomorphic to Ex- 

Notice that we can embed Ph in P in such a way that Z contains := Z{P'fj) 
(a long-root subgroup in H, which is elementary abelian of order g), and U contains 
the unipotent radical Uh = q^^^ of Ph- Now choose A such that Zh < Ker(A). Then 
it is easy to see that Ex\uh just the regular representation, whence the subspace 
L of [///-fixed points in it is one-dimensional, and, since Uh < P'hi this subspace is 
acted on by P'^. But P'^/Uh — SL2{q^) is perfect, hence P^ acts trivially on L. 

We have shown that, for the given choice of A, has nonzero fixed points in Vx- 
Let W be the subspace consisting of all P^-fixed points in V. Then Ph/P'h — ^g-i 
acts on W and so W contains a one-dimensional P//-submodule T. By the Frobenius 
reciprocity, ^ dimHompj:^(T, l^|p^) = dimHom//(Indp^(T), \^|//). But V\h is 
irreducible, hence it is a quotient of Indp^(T). In particular, 

(2) dim(\/) < {H : Ph) ■ dim(T) = (g + + + 1). 
On the other hand. Theorem 4.1 of [MMTj implies that 

dim(V) > g2(g8 _ g4 ^ 1) _ 1^ 
contradicting ([2]). □ 

4. Restriction to maximal parabolic subgroups 

Lemma 9. Let Q denote the maximal parabolic subgroup of order q^'^{q^ — l)(g^ — 1) 
ofG = ^Di{q), and let U := Op(Q). Then 

(i) For any prime r ^ p, Or{Q) = 1. 

(ii) Let ip e IBr£(Q) be an irreducible Brauer character of Q whose kernel does 
not contain U. If q is odd, assume in addition that ip is faithful. Then ip lifts to a 
complex character x of Q. Moreover, x Is also faithful if ip is faithful. 

Proof, (i) Since Or{Q), U <Q and Or{Q)\^U = 1, any element g G Or{Q) is centralized 
by U, which has order q^^. Thus q^^ divides \CQ{g)\. Assuming g 1, we see by |H1] 
and |H3j that g is Q-conjugate to the long-root element u = X3a+2f3{^)- But then g 
is a p-element, a contradiction. Hence Or{Q) = 1. 

(ii) Let A be an irreducible constituent of ip\u, and let I denote the inertia group 
of A in Q. By Clifford theory, ip = Ind^ (■?/') for some ip G IBr£(/) whose restriction 
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to U contains A. Since p ^ i, we may view A as an ordinary character of U. By our 
assumption, A 7^ lu- The structure of I /U is described in |H1] . |H3] . In particular, 
if 2\q, then //[/is always solvable. On the other hand, if q is odd, then I/U is 
solvable, except for one orbit, the kernel of any character in which however contains 
a long- root element X3a+2i3{^) (in the notation of [HI] ). Recall we are assuming that 
(p is faithful if q is odd. It follows that in either case I/U is solvable, and so / is 
solvable. By the Fong-Swan Theorem, ip lifts to a complex character p of /. Hence 
ip lifts to the complex character x '■= Ind^ (p). 

Now assume that p is faithful but K := Ker(x) is non-trivial; in particular, £ 7^ 0. 
If K is not an £-group, then K contains a non-trivial ^'-element g. Since (p{g) = 
x{g) = = V^(l)) we see that (f is not faithful, a contradiction. Hence K is an 
£-group, and so Oi{Q) 7^ 1, contradicting (i). □ 

Theorem 10. Let M be a maximal parabolic subgroup of G = ^Dii{q) and p G 
IBr^(G') be of degree > 1. Then ip\M is reducible. 

Proof. First suppose that M = P, the long-root parabolic subgroup of G. Then the 
statement follows from Theorem 1.6 of pL|. So we may assume that M = Q, the other 
maximal parabolic subgroup of G. Also assume the contrary: v^|q is irreducible. 

We will consider two particular long-root elements u = 0:30+2/3(1) and v = Xis^l) of 
Q, in the notation of [HI], |H2j . |H3j . Clearly, they are conjugate in G, so (p{u) = 
(p{v). By Lemma [9], (p\q lifts to a complex irreducible character x of Q which is also 
faithful. Since u and v are ^'-elements, we have <f{u) = x('w) and ip{v) = x{v). It 
follows that 

(3) x{u) = x(f ). 

Note that Z := Z{Op{Q j) = X3q,+2/3-^3q!+3/3 has order g^, and consists of the q^ — 1 
Q-conjugates of u and 1. Thus Q acts transitively on Z \ {1} and on Irr(Z) \ {Iz}- 
Since Ker(x) = 1, we conclude that x(^) = ~x(1)/(Q'^ ~ !)• 

First consider the case q is odd. Then u, resp. v, belongs to the Q-conjugacy 
class Ci^i, resp. Ci^2, in the notation of [HlJ. According to [HI], the faithful character 
X must be one of Xj(/c), 16 < j < 20. If j = 16 or 17, then x(t>) is explicitly 
computed in [Hlj . and one sees that is violated. Now suppose that j = 18 or 19. 
Then xi'^) = —q^{q^ — l)/2. On the other hand, according to Proposition 2.1 of the 
Appendix, x(f) = mq{q^ — 1) with m > —{q^ — l)/2. It follows that x(i;) > x('")) 
violating ([3]). Finally, suppose that j = 20. Then x('w) = —q^{q^ — ^). Meanwhile, by 
Proposition 2.1 of the Appendix, x(t') = mq{q^ — 1) with m > — (g^ — 1). It follows 
that x('y) > x('w); again violating ([3]). 

Next we consider the case q is even. Then u, resp. v, belongs to the Q-conjugacy 
class Ci^i, resp. Cij, in the notation of |H3j . According to [H3J, the faithful character 
X must be one of Xj(fc), 14 < j < 16. If j = 14 or 15, then xi'^) is explicitly 
computed in |H3j . and one sees that is violated. Finally, suppose that j = 16. 
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Then xi'^) = —q'^{q^ — 1). On the other hand, by Proposition 1.1 of the Appendix, 
x{v) = mq(q'^ — 1) with m > — (g^ — 1). It follows that x(^) > x{u), again violating 
©. □ 

Proof of Theorem [21 Assume the contrary: is irreducible. Without loss we 
may assume that $ is absolutely irreducible and that if is a maximal subgroup of G. 
Now we can apply Theorem [H] to if to get four possibilities (i) - (iv) for H. None of 
them cannot however occur by Theorems [71 [H and [TOl □ 
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Appendix 

Faithful characters of a parabolic subgroup of ^D/i{q) 

by Frank Himstedt 

Let g be a prime power, ^1^4(5) Steinberg's triality group, and Q a maximal para- 
bolic subgroup of order g^^(g^ — l)(g^ — 1) oi^D^i^q). A classification and construction 
of all irreducible characters of Q is described in |Hll IH3] , and the values of almost 
all of these characters are given by Tables A. 13 and A. 14 in |Hll IH3] . This appendix 
deals with some values of the faithful irreducible characters of Q which are not con- 
tained in [Hit IH3j . More specifically, we are interested in the values of the faithful 
irreducible characters of Q on the "long root element" X/3(l) (for a definition of x^(l), 
see |G1] . for example). In particular, we prove bounds on these character values by 
considering scalar products with restrictions of unipotent irreducible characters of 
'DM- 

Suppose that q is even. We use the same notation as in [H3]. The faithful irre- 
ducible characters of Q are the characters QXiiiM)i QXi^i^), qXiq{^) with k as in 
|H3l Table A. 13]. The values of qXmI^) QXi^i^) are given in |H3l Table A. 14], 
in particular those on xp^l). So we only deal with the values of gXiel^) ^pi^)- 

Proposition 11. The values of QXw{k) on x 13(1) satisfy: 

QXw{k){xp{l)) e {q{q^ - 1) ■ m | m G Z with - (g^ - 1) < m < q'^{q - 1)}. 

Proof. We recall the definition of gXwik) (see |H3t p. 258 and p. 256]): number the 
elements of the field in some way, say = {xi, X2, ■ ■ ■ , Xg} with xi = 0. Then, 
QXwik) is the character of Q which is induced from the following linear character of 

the subgroup XpXa+l3X2a+l3X3a+l3X3a+2l3- 

Xp{d2)Xa+f3{d3)x2a+(}{d4)X3a+l3{d5)x3a+2(}{d6) ^ (f)'{Xk -^2 + ^4 + C^s) 

where 0' is a linear character of the additive group of F^a restricting nontrivially 
on ¥q. Using the definition of induced characters and the relations in Tables 2.2-2.4 
in |Glj we see that the value of gXwik) on Xj3{l) is: 



(4) yk-=Y.Y.Yl 0'(r(-'?'+'?+^)^s«+i + XfcTT^^-^ + vr 



i=l j=l se¥^3 



where r is a generator of the multiplicative group Fi, and tt := r«'+9+i a generator 
of F^. Since X/3(l) is an involution we know € Z and so yk < q^{q^ — 1)(? — 
1). Let [e2]Q be the restriction of the unipotent irreducible character [62] of degree 
q'^{q'^ — 9^ + 1) of ^Dii^q) (see |Sp] ) . Because we know the values of gXwik) on all 
conjugacy classes of Q where [e2]Q is nonzero, we can compute the scalar product 
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(qXi6(^)7 [^2]q)q = '^^~'^q{qfji)~^^'' using CHEVIE |Chev] . Since this scalar product is 
a nonnegative rational integer the statement about QXi6{k){xi3{l)) follows. □ 

Remark: The value of gXwi^) on xp^l) can be evaluated explicitly: using (jlj) and 
E£7V'(rO = = -1 one gets qXi6(1)(xM1)) = - 1). 

Now suppose that q is odd. We use the same notation as in [HI] . The faithful 
irreducible characters of Q are qXieik), gXnik), QXisi^), QXigik), (9X2o(^) ^i*^ k as 
in [HI', Table A. 13]. The values of qXi^ik), qXi-jiM) are given in [HI I, Table A. 14], in 
particular the values on Xpil). So we only deal with the values of gXigl^)' QXigl^) 
and qX2o(^) on xp(l). 

Proposition 12. The values QXi^{k){xp{l)) and QX'^g{k){x[^{l)) are elements of the 
set {q{q^ — 1) ■ m | m G Z with — (g^ — l)/2 < m < — l)/2} and 

qX2o(^)(^/3(1)) ^ ili^l^ - 1) ■ m I m G Z with - (g^ - 1) < m < ^^(g - 1)}. 

Proof. The proof is similar to that of Proposition [11] By construction (see p. 795 
and 783 in [HI] ), the value of qXisi^) ^nd gXigl^) on Xf3{l) is: 

g3-l(q-l)/2 

^ ^ ^ - 7r^-J+'=s^'+''+i) =: y^. 



i=l j = l s&^3 



Because xpi^l) is an involution we have G Z and y'^. < q^{q^ — l){q — l)/2. Using 
CHEVIE, we compute the scalar products (qXisik), [e2]q)q = {qXwik), [e2]q)q = 
- — - — !L±^?i^. The fact that this is a nonnegative integer implies the statement 



2q(q3-l) 

about qXig{k){xi3{l)), qXig{k){xi3{l)). By construction (see |Hll p. 795 and 784]): 

q^-l q-l 
i=l j=l sgF^3 

for 1 < A; < (g - l)/2 and 

q-l 

qX,,{k){xp{l)) = E E E <P'i^''"'^' - T^-'"-'^'^'ir^s - ^. y,, 

i=l j=l s& 



for {q + l)/2 < A; < g - 1. So y^' G Z and y'^ < q^{q^ - l)(g - 1). The fact 
{qX2o{k), [e2]q)q = ^(^sZT) — ' ^ ^>o completes the proof. □ 
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